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Abstract
The integration of strapdown inertial navigation system (SINS) and laser Doppler velocimeter
(LDV) is a reliable technology for land vehicle positioning. To ensure the best positioning
performance of the SINS/LDV integrated navigation system, it is necessary to calibrate it
accurately. However, the accuracy of the error model of the traditional calibration method is
seriously affected by the large misalignment angle, which in turn affects the accuracy and
consistency of the filtering, and eventually leads to the decline of the calibration accuracy.
Therefore, this paper introduces the Lie group theory for the first time into the calibration study
of the SINS/LDV integrated navigation system. Based on the error state vector defined by the
left group error definition in the Lie group, the three calibration models of the SINS/LDV
integrated navigation system are derived in the Earth-centered Earth-fixed frame, using velocity,
displacement increment, and dead reckoning (DR) position, which are the three common
observation information. The most significant advantage of these calibration models is their
ability to handle large initial misalignment angles. The calibration models proposed in this
paper are comprehensively evaluated by two long-distance vehicle experiments. The test results
show that under normal conditions (no large attitude misalignment angle and all sensors are
working properly), the Lie group-based calibration methods have similar performance to the
traditional calibration method, but they have significant advantages in the case of large initial
attitude deviation. In addition, using displacement increment and DR position as observations
improves calibration performance compared to velocity.

Keywords: strapdown inertial navigation system (SINS), laser Doppler velocimeter (LDV),
calibration, Lie group

1. Introduction

The integration of strapdown inertial navigation system
(SINS) with laser Doppler velocimeter (LDV) is a prom-
ising scheme for land vehicles that require high position-
ing accuracy [1–4]. In SINS/LDV integrated navigation
system, the SINS is the core navigation equipment, with

∗
Author to whom any correspondence should be addressed.

advantages such as strong anti-jamming capability, high
update frequency, and good concealment [5]. The LDV is
used to provide high-precision velocity information, which
has advantages such as high measurement accuracy, independ-
ence, non-contact measurement, fast dynamic response, good
spatial resolution, wide range of velocity measurement, and
high directional sensitivity [6]. Compared with the odometer
(OD) currently widely used on land vehicles, the character-
istics of the LDV non-contact measurement makes the meas-
urement value of the LDV independent of the state of the
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vehicle tire. This gives the LDV higher measurement accur-
acy and higher scale factor stability [7]. Moreover, for three-
dimensional LDV, the non-contact measurement also enables
the LDV measurement value to be unaffected by the vehicle
sideslip.

For the SINS/LDV integrated navigation system, the accur-
acy of the reference velocity directly affects the positioning
accuracy of the system. The reference velocity vector error
consists of two components: the direction error and themodule
length error [8]. The direction error results from the misalign-
ment angles between the LDV and the SINS, while the mod-
ule length error, also known as the scale factor error, is mainly
due to the deviation of the design value of the beam inclination
angle of the LDV from the real value. The level arm between
the LDV and the SINS is generally neglected because, unlike
the OD which needs to be installed on the wheel, the LDV
can be easily installed along with the inertial measurement
unit (IMU) and the level arm can be easily obtained when the
equipment is installed, and compensated through mathemat-
ical platform. In addition, the level arm-induced velocity error
is usually small compared to the errors caused by the misalign-
ment angles between the LDV and SINS as well as the scale
factor error of the LDV. Therefore, in order to improve the
positioning accuracy of the SINS/LDV integrated navigation
system, it is necessary to calibrate the misalignment angles
between the SINS and the LDV, as well as the scale factor
error of LDV in advance. The least square method is a com-
monly used calibration method in SINS/Doppler velocity log
(DVL) integrated navigation system, which can be divided
into three calibration methods according to different obser-
vations: position observation, velocity observation and accel-
eration observation [9]. Zhang et al applied the least square
method for the calibration of the SINS/LDV integrated navig-
ation system, and proposed a calibration method based on the
velocity observation without relying on any additional equip-
ment or benchmarks [10]. In addition, the calibration method
based on the trajectory similarity principle has been applied
to some extent in the land integrated navigation system [11].
This method uses the similarity between the dead-reckoning
(DR) trajectory and the true trajectory of the integrated navig-
ation system to calibrate the installation misalignment angle
between the IMU and the OD or LDV and the scale factor
of the OD and LDV. However, this method is more suitable
for high-precision SINS, because for low-precision SINS, the
installation misalignment angle between sensors is no longer
the main source of error. In recent years, the online calibra-
tion method based on Kalman filter has been widely used in
integrated navigation system. Wu et al studied the feasibil-
ity of self-calibration of SINS/OD integrated navigation sys-
tem using OD output and non-holonomic constraint (NHC)
as velocity observation, and conducted observability analysis
[12]. Similar applications can be found in [13–18]. In [19],
the DR position of SINS/DVL was used as position obser-
vations integrated with SINS. Combining Kalman filter with
other optimal estimation methods is also a reliable calibra-
tion mode. Xiang et al proposed an online calibration method
for SINS/LDV integrated navigation system based on position
observation, which combines Kalman filter with Davenport’s

q-method, and verified the effectiveness and robustness of the
method through experiments [20].

For the online calibration method of SINS/LDV integ-
rated navigation system using Kalman filter, the calibration
performance can be improved from three aspects: filtering
algorithm, measurement model and process model. Filtering
algorithms are generally universal, so the online calibra-
tion of SINS/LDV integrated navigation system can directly
use the existing classical or advanced filtering algorithms,
which mainly aim to suppress unknown noise and outliers
in the sensor. Since the most widely used measurements in
SINS/LDV integrated navigation system is the body velocity
of the vehicle, the measurement models in the calibration pro-
cess of SINS/LDV integrated navigation system are divided
into velocity observationmodel based on LDVvelocity output,
displacement incremental observation model based on LDV
velocity integration, and position observation model based on
SINS/LDV DR position output. As for the process model in
the calibration process of SINS/LDV integrated navigation
system, the existing calibration methods of SINS/LDV and
SINS/OD integrated navigation system adopt the navigation
frame SINS mechanization and the corresponding navigation
frame error model. However, this model has some limitations,
such as: the attitude error in the error model is defined on the
manifold with small value assumption and the velocity error
and position error are defined in Euclidean space, whichmakes
the process model linear and only applicable to the case of
small attitude error; the model is not independent of naviga-
tion parameters, so the navigation errors caused by the motion
state of the vehicle and the errors of the sensor will seriously
affect the accuracy of the model, and then affect the calibration
accuracy of the integrated navigation system [21].

To alleviate the inconsistency of the coordinate system of
the velocity error vector caused by specific force in the tra-
ditional process model, Scherzinger proposed a new velocity
error transformation, andWang et al developed the state trans-
formation extended Kalman filter based on this idea [22–24].
Recently, the Lie group theory has been introduced in some
inertial navigation fields [25–32]. The group of double dir-
ect spatial isometries SE3 (3) is introduced to formulate the
attitude matrix, velocity vector, and position vector into a
group. If the corresponding dynamicmodel satisfies the ‘group
affine’ property, a new state-independent linear error model
can be obtained by using the mapping relationship between
Lie groups and Lie algebra, and the state transition matrix of
the error model is completely independent of the navigation
parameters such as attitude, velocity and position. Through
this model, the consistency of filtering can be well guaran-
teed. Chang et al [33] shows that by introducing an auxili-
ary velocity, the mechanization of SINS in the earth-centered
earth-fixed (ECEF) frame satisfies the ‘group affine’ prop-
erty with group state on SE3 (3). The obtained left and right-
invariant error state models are trajectory-independent, and
their log-linearity, an advantage, makes them very suitable
for attitude initialization with arbitrary misalignment. Tang
et al [34] shows that for SINS/DVL integration using the error
state model proposed in [33], the left-invariant error definition
is more suitable for SINS/DVL navigation when considering
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IMU bias. Chang et al [35] incorporates the DR position of the
SINS/DVL integration with the attitude, velocity, and position
computed by SINS as the elements of the group of triple dir-
ect isometries SE3 (3). Based on the left-invariant error defin-
ition, it derives the corresponding error state model. Although
this model no longer satisfies the group affine property after
adding the DR position of SINS/DVL, [35] proves that it is
still applicable in the case of large initial attitude misalign-
ment. Although Lie group theory has been applied in SINS/OD
integrated navigation and SINS/DVL integrated navigation
and has improved the performance of the integrated navig-
ation system to some extent. However, in these studies, the
scale factor error of external velocity sensors and the installa-
tionmisalignment angle between external velocity sensors and
SINS have not been considered. The current calibration meth-
ods of these errors are still based on the traditional process
model and measurement model.

This paper applies the Lie group theory to calibrate
the SINS/LDV integrated navigation system. It derives the
SINS/LDV calibration model based on Lie group SE2 (3)
in the ECEF frame, which includes two measurement mod-
els: velocity and displacement increment. It then uses the
SINS/LDV DR position, which belongs to the left invari-
ant observation, as the measurements of the calibration sys-
tem, and formulates the DR position of SINS/LDV as ele-
ments of the Lie group SE3 (3), along with the attitude, velo-
city, and position calculated by SINS. It also derives the
SINS/LDVcalibrationmodel based on Lie group SE3 (3) in the
ECEF frame. Finally, it validates the effectiveness of the pro-
posed calibration method through two vehicle-mounted exper-
iments. Compared with previous calibration methods for the
SINS/LDV integrated navigation system, the main contribu-
tions of this paper are as follows: (1) the Lie group theory is
used to calibrate the SINS/LDV integrated navigation system.
The linear error state-space models for SINS/LDV integration
considering the error of LDV scale factor and the installation
misalignment angle between IMU and LDV are derived based
on the left invariant error definitions of SE2 (3) and SE3 (3);
(2) based on the left invariant error definitions of SE2 (3) and
SE3 (3), the measurement models for three kinds of obser-
vation information, namely velocity, displacement increment
and DR position, are derived. Then, the performance of calib-
ration models using different observation models is analyzed
and compared; (3) the effectiveness of the calibration methods
proposed in this paper is evaluated by comparing it with tra-
ditional calibration method. The Lie group-based calibration
method shows a significant improvement over the traditional
calibration method at large misalignment angles.

The rest of this paper is organized as follows. Section 2
introduces the traditional calibration model for SINS/LDV
integrated navigation system. In section 3, the SINS/ LDV
calibration model based on Lie group SE2 (3) is proposed. In
section 4, the SINS/LDV calibrationmodel based on Lie group
SE3 (3) is proposed. In section 5, the proposed calibration
models are compared with the traditional calibration model by
using the vehicle-mounted field test data collected from LDV-
aided SINS. Concluding remarks are given in section 6.

Figure 1. Installation relationship between the LDV, IMU and
GNSS.

2. Review of SINS/LDV traditional calibration model

The installation relationship between the LDV, IMU and
GNSS is shown in figure 1. The LDV body frame, denoted
by the m frame, is defined as right-forward-upward. The IMU
body frame, denoted by the b frame, is also defined as right-
forward-upward. The navigation frame is defined as east-
north-up and is denoted by the n frame. The ECEF frame
is denoted by the e frame, which is located at the center of
the earth and rotates with the earth. The inertial non-rotating
frame is denoted by the i frame, which remains stationary with
respect to the inertial space.

The optical path structure of the pitch-independent LDV
system is shown in figure 2. θ1 and θ2 are the designed inclin-
ation angles of the two beams of LDV. υLDV denotes the velo-
city of the vehicle measured by pitch-independent LDV, which
is given by the following equation [36]:

υLDV =
λfbeam1

2

√
1+

(
1

tan(2∆θ)
− 1

sin(2∆θ)

fbeam2

fbeam1

)2

(1)

where λ is the wavelength of the laser, fbeam1 and fbeam2 are the
Doppler frequencies measured by two beams, ∆θ = θ2−θ1

2 .
Since υLDV is only the forward velocity of the vehicle, it is

necessary to obtain the three-dimensional velocity of the land
vehicle with the help of the well-known NHC, and the vehicle
velocity obtained by LDV in the m frame can be expressed as

υm
LDV =

[
0 υLDV 0

]T
= (1+ δK)υm (2)

where υm is the true velocity of the vehicle in the m frame, δK
denotes the scale factor error due to the deviation of the beam
inclination.

According to (2), the velocity obtained by LDV in the n
frame is given as follows

υn
LDV = C̃

n
bC

b
mυ

m
LDV = (I3 −φ×)Cnb (I3 −ϕm×)(1+ δK)υm

(3)

where Cnb and C̃
n
b are the true and error-contaminated atti-

tude matrices from the b frame to the n frame, respectively.
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Figure 2. Optical schematic of the pitch-independent LDV.

I3 denotes the 3× 3 identity matrix, φ denotes the attitude
error of the SINS. (·)×means to solve the antisymmetric mat-
rix. ϕm is the installation misalignment angles between the

m frame and the b frame, ϕm =
[
ϕmx ϕmy ϕmz

]T
, where

ϕmx, ϕmy, and ϕmz are the misalignment angles of pitch, roll,
and heading, respectively.

According to (3), by omitting small quantities of the higher
orders, the velocity error model of the LDV is given as

δυn
LDV ≈ (υn×)φ+Cnb (υ

m×)ϕm+ δKυn. (4)

For the traditional SINS/LDVonline calibration system, the
SINS error dynamics are as follows

φ̇=φ×ωn
in+ δωn

in−Cnbε
b
ib

δυ̇n
SINS =−φ× fn+ δυn

SINS × (2ωn
ie+ωn

en)

+υn
SINS × (2δωn

ie+ δωn
en)+Cnb∇

b
ib

δL̇= δυN/(RM+ h)− υNδh
/
(RM+ h)2

δλ̇= secLδυE/(RN+ h)+ υE tanLsecLδL/(RN+ h)

− υE secLδh
/
(RN+ h)2

δḣ= δυU

ε̇bib = 03×1

∇̇b
ib = 03×1

(5)

where υn
SINS =

[
υE υN υU

]T
and δυn

SINS =[
δυE δυN δυU

]T
are the velocity and velocity error

of SINS, respectively; δpSINS =
[
δL δλ δh

]T
denotes

position error vectors of SINS; RM and RN are the principal
radius of curvature of the prime meridian and the equator,
respectively; L, λ, and h are the local latitude, local longitude,

and local altitude, respectively; fn denotes the specific force
output from accelerometers in the n frame; ωn

in, ω
n
en and ωn

ie
are the rotation angular rate vectors of the n frame relative
to the i frame, the n frame relative to the e frame, and the e
frame relative to the i frame, respectively, and all vectors are
projected in the n frame; εbib and∇

b
ib denote the gyro constant

bias and the accelerometer constant bias, respectively; 03×1

denotes the 3× 1 zero vector.
Since the lasers inside the LDV usually have excellent per-

formance and the installation relationship between the LDV
and the SINS is fixed, the scale factor error of the LDV and
the installation misalignment angle between the LDV and the
SINS can be modeled as random constants, and the corres-
ponding error equations of LDV are expressed as follows

δK̇= 0

ϕ̇mx = 0

ϕ̇mz = 0

. (6)

It should be noted that ϕmy has no effect on the perform-
ance of the SINS/1D-LDV integrated navigation system, it is
unobservable and should be disregarded in this paper.

According to (5) and (6), the error state equation of the tra-
ditional SINS/ LDV calibration system is:

ẋ=
[
FSINS 015×3

03×15 03×3

]
x+

 −Cnb 03×3

03×3 Cnb
012×3 012×3

w (7)

where FSINS is a 15 × 15 state transition matrix based on (5),
w denotes the system noise vector, and x is an 18-dimensional
error state vector defined as:

x=
[
xSINS xLDV

]T
xSINS =

[
φT δ(υn

SINS)
T

δpTSINS
(
εbib

)T (
∇b

ib

)T ]T
xLDV =

[
ϕmx ϕmz δK

]T
.

(8)

The measurement equation of the traditional SINS/ LDV
calibration system is

z=

 υn
SINS −υGNSS

pSINS − pGNSS
υn
LDV −υGNSS

≈

 δυn
SINS

δpSINS
δυn

LDV

=Hx+ v

=

[
06×3 I6 06×6 06×2 06×1

υn× 03×6 03×6 CnbCυ υn

]
x+ v

(9)

where H is the measurement transition matrix, v is the meas-
urement noise (zero-mean Gaussian white noise), z is the
measurement value.υGNSS and pGNSS are the velocity and pos-

ition outputs of the GNSS. Cυ =

[
0 υm

(z) −υm
(y)

υm
(y) −υm

(x) 0

]T
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3. The SINS/ LDV calibration model based on Lie
group SE2 (3)

For the traditional SINS/LDV online calibration system, (5)
shows that the various errors of SINS are coupled with each
other, and its state transition matrix depends on the navig-
ation parameters, such as attitude, velocity, position. When
one of them has a large error, especially the attitude error, the
accuracy of its error model will be seriously affected, which
in turn affects the accuracy and consistency of the filtering.
Moreover, (9) shows that the measurement transition matrix
depends onCnb,υ

n andυm. This implies that the attitude accur-
acy of the calibration system will have a significant impact
on the calibration results. If the process model and measure-
ment model of the SINS/LDV online calibration system are
trajectory-independent and its error propagation is autonom-
ous, then the SINS/LDV online calibration system can recover
faster from large errors caused by disturbances or outliers. To
achieve this, the online calibration method based on Lie group
SE2 (3) and GNSS for the SINS/LDV integrated navigation
system is proposed in this section.

3.1. Matrix Lie group and Lie algebra

A Lie group is a smooth manifold that obeys the group proper-
ties so that the group operations are smooth. The tangent space
at the identity element of a Lie group has a natural Lie algebra
structure, and this Lie algebra gives the local structure of the
Lie group through the exponential map. In integrated naviga-
tion, the vehicle’s attitude, velocity, and position are the three
quantities of interest. They can be embedded as the element of
the Lie group SE2 (3) (also called the group of double direct
isometrics):

SE2 (3) =

χ=

 C υ p
01×3 1 0
01×3 0 1

 ∈ R5×5

∣∣∣∣ C ∈ SO(3)
υ,p ∈ R3


(10)

where χ is a 5× 5 matrix, including the attitude rotation mat-
rix C and two three-dimensional vectors (the velocity vector
υ and the position vector p). SO(3) denotes the special ortho-
gonal group.

The inverse of a groupmatrixχ, is also a Lie group SE2 (3);
that is

χ−1 =

 CT −CTυ −CTp
01×3 1 0
01×3 0 1

 ∈ SE2 (3) . (11)

The Lie algebra se2 (3) associated with SE2 (3) and the
exponential mapping from the Lie algebra to the correspond-
ing Lie group are given as:

se2 (3) =

ξ∧ =

 θ× υ p
01×3 0 0
01×3 0 0

 ∈R5×5

×

∣∣∣∣∣ ξ =
[
θ υ p

]T ∈R9

θ,υ,p ∈R3

}
(12)

χ= exp(ξ) = expm
(
ξ∧

)
=

∞∑
k=0

1
k!

(
ξ∧

)k
=

 expm (θ×) Jυ Jp
01×3 1
01×3 1

 (13)

where (•)∧ denotes the linear operation, θ is the rotation vec-
tor, expm denotes the matrix exponential operation, and J is
the left Jacobian matrix of SO(3), which is given by

J=
∞∑
k=0

1
(k+ 1)!

(θ×)
k

=
sinθ
θ

I3 +
(
1− sinθ

θ

)
aaT+

1− cosθ
θ

(a×)

(14)

where θ = |θ| denotes the angle of rotation and a= θ
θ is the

unit-length axis of rotation.
For a comprehensive introduction to Lie group theory, refer

to [37].

3.2. Process model

The traditional SINS mechanization in the e frame is given as
follows:

Ċ
e
b = Ceb

(
ωb
ib×

)
− (ωe

ie×)Ceb

υ̇e
eb = Ceb f

b− 2(ωe
ie×)υe

eb+ ge

ṗeeb = υe
eb

(15)

where Ceb denotes the direction cosine matrices from b frame
to e frame; ωb

ib is the body angular rate measured by the gyro-
scopes in the b frame; ωe

ie denotes the rotation rate vector of
earth; fb is the specific force measured by accelerometers in
the b frame; υe

eb denotes the ground velocity in the e frame; ge

is the gravity vector; peeb is the position vector in the e frame.
References [38] and [39] introduce an auxiliary velocity

based on SINS mechanization into the e frame, which enables
SINS mechanization to satisfy the group affine property. The
auxiliary velocity is given by

υe
ib = υe

eb+ωe
ie× peeb. (16)

By introducing an auxiliary velocity vector, the (15) can be
rewritten as follows:

Ċ
e
b = Ceb

(
ωb
ib×

)
− (ωe

ie×)Ceb

υ̇e
ib = Ceb f

b−ωe
ie×υe

ib+Ge

ṗeeb = υe
ib−ωe

ie× peeb

(17)

where Ge is the gravitational vector and is given by:

Ge = ge+(ωe
ie×)

2peeb. (18)

It should be noted that peeb = peib, because according to the
definition of the e frame and the earth-centered i frame, they
have the same origin, and for navigation on earth, the body
position relative to the earth-centered i frame, expressed in e

5
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frame, and the body position relative to the e frame, expressed
in e frame, are the same.

Formulating Ceb, υ
e
ib and peeb as elements of Lie group

SE2 (3)

χ=

 Ceb υe
ib peeb

01×3 1 0
01×3 0 1

 (19)

χ−1 =

 Cbe −Cbeυe
ib −Cbepeeb

01×3 1 0
01×3 0 1

 . (20)

For Lie group matrix, two different definitions of error can
be used, namely, left-invariant error and right-invariant error.
Given a Lie group matrix χ and its inverse matrix χ−1, the
left and right invariant errors can be defined as η = χ̃−1χ and
η = χχ̃−1 respectively.

For SINS/LDV online calibration system, the GNSS can
provide accurate velocity and position information. The obser-
vation of GNSS can be given by

zGNSS,1 = υe
GNSS +ωe

ie× peGNSS (21)

zGNSS,2 = peGNSS (22)

where υe
GNSS and peGNSS are the outputs of the GNSS in the e

frame for velocity and position, respectively.
According to [33], it is easy to see that the observation

in (21) and (22) is a left-invariant observation for the group
state (19).Moreover [34], demonstrates that for SINS/ external
velocity sensors integration, the measurement of body velocity
is neither left- nor right-invariant observation for the group
state (19), but the left-invariant error definition is more suit-
able when considering IMU bias. Therefore, in the online cal-
ibration method based on Lie group SE2 (3) and GNSS for
the SINS/LDV integrated navigation system, the left-invariant
group error is used

η = χ̃−1χ =

 C̃
b
eC

e
b C̃

b
e (υ

e
ib− υ̃e

ib) C̃
b
e (p

e
eb− p̃eeb)

01×3 1 0
01×3 0 1


=

 exp(φ l×) dυ dp
01×3 1 0
01×3 0 1


.

(23)

Where C̃
b
e , υ̃

e
ib, and p̃

e
eb are the error-contaminated navigation

parameters. The attitude error angle corresponding to C̃
b
eC

e
b is

the Euler angleφl. Ifφl assumed to be a small value, C̃
b
eC

e
b can

be approximated as I3×3 +φl×. dυ and dp are the velocity
and position error vectors corresponding to (23) and can be
derived as

dυ = C̃
b
e (υ

e
ib− υ̃e

ib) =−C̃
b
eδυ

e
ib (24)

dp= C̃
b
e (p

e
eb− p̃eeb) =−C̃

b
eδp

e
eb. (25)

According to [33], the differential forms of φl, dυ, and dp
can be written as

φ̇ l =−ω̃b
ib×φ l− δωb

ib (26)

dυ̇ =−ω̃b
ib× dυ− δfb− f̃

b
×φ l (27)

dṗ= dυ− ω̃b
ib× dp (28)

where δωb
ib and δfb are the measurement errors of the gyro-

scope and accelerometer, respectively. Since the SINS used in
this paper is a high-precision SINS and has been accurately
calibrated, δωb

ib and δfb can be modeled as follows

δωb
ib = εbib+ εw (29)

δfb =∇b
ib+∇w (30)

where εw and∇w denote the noise of the gyroscope and accel-
erometer, respectively.

Based on (3), the velocity of the LDV in the e frame is given
as follows

υe
LDV = C̃

e
bC

b
mυ

m
LDV = CebC

b
eC̃

e
bC

b
mυ

m
LDV

≈ Ceb (I3 −φl×)(I3 −ϕm×)(1+ δK)υm
. (31)

According to (26)–(31), the error state vector and state
equation are given as

x=
[
φ l

T dυT dpT
(
εbib
)T (

∇b
ib

)T
ϕmx ϕmz δK

]T

(32)

ẋ= Fx+Gw (33)

F=


−ω̃b

ib× 03×3 03×3 −I3 03×3 03×3

−̃f
b
× −ω̃b

ib× 03×3 03×3 −I3 03×3

03×3 I3 −ω̃b
ib× 03×3 03×3 03×3

09×3 09×3 09×3 09×3 09×3 09×3


(34)

G=

 −I3 03×3

03×3 −I3
012×3 012×3

 (35)

w=
[
εw ∇w

]T
. (36)

Equation (34) shows that the state transition matrix is inde-
pendent of the global state, even if the errors of the inertial
sensor are taken into account. This indicates that the naviga-
tion errors will not affect the accuracy of the error differential
equations. Therefore, the state equations can still accurately
describe the error propagation law in the case of a large initial
navigation error or when the system suffers from an outlier
interference that causes a sudden increase in the navigation
error.

6



Meas. Sci. Technol. 35 (2024) 055106 Z Xiang et al

3.3. Measurement model

In this subsection, two different measurement models are
derived based on the Lie group SE2 (3)-based process model
given in the previous subsection. First, the velocity measure-
ment model is derived based on the projection of the velocity
output of the LDV in the e-frame. Then, the velocity measure-
ment model is extended to a displacement increment measure-
ment model.

3.3.1. Velocity measurement model. The velocity measure-
ment model is widely used for SINS/LDV and SINS/OD
integration because both LDV and OD are velocity sensors.
Performing error perturbation on υeLDV and ignoring the small
higher-order error, the velocity error model of the LDV is
given as

δυe
LDV ≈ Ceb (υ

m×)φ l+Ceb (υ
m×)ϕm+Cebυ

mδK. (37)

Based on (21), (22), (24), (25) and (37), and the conclusion
from [33, 40] that ‘Applying a linear function to the innovation
term of an EKF before computing the gains does not change
the results of the filter’, the established measurement equation
using the velocity measurement model is

z=

 C̃
b
e (υ̃

e
ib− zGNSS,1)

C̃
b
e ( p̃

e
eb− zGNSS,2)

Cbe (υ
e
LDV −υe

GNSS)

=Hx+ v (38)

H=

[
06×3 −I6 06×6 06×2 06×1

υm× 03×6 03×6 Cυ υm

]
(39)

where Cυ is the same as the one defined in (9).

3.3.2. Displacement incremental measurement model. The
calibration method based on the velocity measurement model
can calibrate the error term of the SINS/LDV integration
very accurately when the vehicle is moving smoothly and
the sensors are working normally during the calibration pro-
cess. However, in reality, the vehicle may experience severe
bumps and vibrations, which 1D-LDV cannot measure, and
this causes additional deviation between the velocities of LDV
and GNSS when the vehicle is vibrating. Moreover, the output
values of LDV and GNSS may have different levels of error
(noise and outliers) due to environmental factors in reality.
Furthermore, LDV has a much higher output frequency than
GNSS, which leads to data wastage from LDV when using
the velocity measurement model. To minimize the impact of
vehicle vibration and velocity noise on the calibration pro-
cess and enhance the robustness of the calibration process and
the data utilization efficiency of LDV, we extend the velo-
city measurement model to a displacement increment meas-
urement model.

By integrating the velocity difference between the LDV and
GNSS output velocities in the e frame, the following equation
can be obtained:

ˆ
∆t
υe
LDV −υe

GNSSdt=
ˆ
∆t
Ceb (υ

m×)φ ldt

+

ˆ
∆t
Ceb (υ

m×)ϕmdt+
ˆ
∆t
Cebυ

mδKdt

(40)

where∆t is the time interval for integration, and in this paper,
it was set as 1 s. Considering that the IMU used in this paper is
a high-precision IMU and∆t is small, the SINS misalignment
angle error φl can be regarded as a constant value. Suppose
that there are M epochs during the integration time, (40) can
be rewritten as:

ˆ
∆t

υe
LDV −υe

GNSSdt=
s−1∑

k=s−M

ˆ tk+1

tk

Ce(t)b(t)

(
υm
(t)×

)
φ ldt

+
s−1∑

k=s−M

ˆ tk+1

tk

Ce(t)b(t)

(
υm
(t)×

)
ϕmdt

+
s−1∑

k=s−M

ˆ tk+1

tk

Ce(t)b(t)υ
m
(t)δKdt

(41)

where

Ce(t)b(t) = Ce(t)e(tk)
Ce(tk)b(tk)

Cb(tk)b(t) (42)

Ce(t)e(tk)
≈ I3 −φ e×= I3 − ((t− tk)ω

e
ie)× (43)

Cb(tk)b(t) ≈ I3 +
(ˆ t

tk

ωb
ibdτ

)
× . (44)

By approximating the incremental integral in (44) using
the two-sample correction, and assuming that the velocity υm

changes linearly during∆t,
´ tk+1

tk
Ce(t)b(t)(υ

m
(t)×)φldt can be fur-

ther written as:
ˆ tk+1

tk

Ce(t)b(t)

(
υm
(t)×

)
φ ldt

=

ˆ tk+1

tk

Ce(t)e(tk)
Ce(tk)b(tk)

Cb(tk)b(t)

(
υm
(tk)

+
t− tk
T

(
υm
(tk+1)

−υm
(tk)

))
×φ ldt

=

{
TCe(tk)b(tk)

((
υm
(tk)

+υm
(tk+1)

2

)
×

)
−
T2

6
(ωe

ie×)Ce(tk)b(tk)

(
υm
(tk)

×
)

−
T2

3
ωe
ie ×Ce(tk)b(tk)

(
υm
(tk+1)

×
)
+
T
3
Ce(tk)b(tk)

(∆θ1×)
(
υm
(tk)

×
)

+
T
6
Ce(tk)b(tk)

((3∆θ1 +∆θ2)×)
(
υm
(tk+1)

×
)

−
T2

20
(ωe

ie×)Ce(tk)b(tk)
((7∆θ1 + 3∆θ2)×)

(
υm
(tk+1)

×
)

−
T2

60
(ωe

ie×)Ce(tk)b(tk)
((9∆θ1 +∆θ2)×)

(
υm
(tk)

×
)}

φ l

(45)

where T is the sampling interval of the SINS and LDV, and
∆t=MT.

The discretization of
´ tk+1

tk
Ce(t)b(t)(υ

m
(t)×)ϕmdt and´ tk+1

tk
Ce(t)b(t)υ

m
(t)δKdt is similar to (45).

7
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According to (41), the established measurement equation
based on the displacement increment measurement model is

z=

 C̃
b
e (υ̃

e
ib− zGNSS,1)

C̃
b
e ( p̃

e
eb− zGNSS,2)´

∆tυ
e
LDV −υe

GNSSdt

=Hx+ v (46)

where H can be obtained according to (39) and (41).

3.4. Initial covariance setting

Unlike the error states in the traditional SINS/LDV calibration
method, which assumes that each error state is mutually inde-
pendent, the error states shown in (24) and (25) are coupled
with each other. Therefore, according to (17), (24) and (25),
the initial covariance matrix can be set to the following form
in the Lie group SE2 (3)-based SINS/LDV online calibration
method:

Pel,0 = TlP
e
0T

T
l (47)

Tl =


Tavp,l 03×3 03×3 03×3

03×9 I3 03×3 03×3

03×9 03×3 I3 03×3

03×9 03×3 03×3 I3

 (48)

Tavp,l =

 I3 03×3 03×3

03×3 −Cbe,0 −Cbe,0 (ωe
ie×)

03×3 03×3 −Cbe,0

 . (49)

3.5. Feedback correction

Feedback correction of the navigation parameters is necessary
after estimating the error state. The feedback correction at time
k for the Lie group SE2 (3)-based SINS/LDV online calibra-
tion method can be expressed as:

Ceb,k = C̃
e
b,k exp

(
φ l,k

)
(50)

υe
ib,k = υ̃e

ib,k+ C̃
e
b,kdυk (51)

peeb,k = p̃eeb,k+ C̃
e
b,kdpk. (52)

After the feedback correction, the corresponding error state
estimate should be reset to zero, that is, x(1 : 9) = 09×1, and
the system goes to the next filtering cycle.

4. The SINS/ LDV calibration model based on Lie
group SE3 (3)

For the SINS/LDV calibration system based on SE2 (3), the
displacement incremental measurement model is proposed to
enhance the robustness of the calibration process and the data
utilization of the LDV. However, as shown in (41) and (45),
after integrating and discretizing the velocity measurements,
it is not suitable to multiply by an attitude matrix in the
observations as in (38) and thus make the measurement trans-
ition matrix attitude-independent. Therefore, its measurement

transition matrix based on the displacement incremental
measurement model is attitude-dependent, and the displace-
ment incremental measurement model is more sensitive to
large misalignment angles than the velocity measurement
model. To achieve high robustness and data utilization effi-
ciency as well as attitude-independent process and measure-
ment models for the calibration system, a Lie group SE3 (3)
and GNSS-based online calibration method for SINS/LDV
integrated navigation system is proposed in this section. In this
method, the left-invariant observation-SINS/LDVDR position
is formulated as elements of the Lie group SE3 (3) together
with the attitude, velocity, and position calculated by SINS in
the process model of the calibration system.

4.1. Process model

The DR position of the SINS/LDV integration has the follow-
ing relationship to the LDV measurements:

˙̃peeb,DR = υe
LDV. (53)

Given an initial position and using the LDV velocity in e
frame derived from (31), DR can be performed. Assuming
that other influencing factors are negligible, the error δpeeb,DR
between the DR-estimated position p̃eeb,DR and the true
position peeb can be considered to be caused by the error in (31).
That is, the δK and theϕm eventually affect the position accur-
acy of the integrated navigation system.

Similar to the (19), the Ceb, υ
e
ib, p

e
eb, and peeb,DR can be

embedded as the element χ of the group SE3 (3)

χ =


Ceb υe

ib peeb peeb,DR
01×3 1 0 0
01×3 0 1 0
01×3 0 0 1

 . (54)

Similar to peGNSS, p
e
eb,DR is also a type of left-invariant

measurement, so the left-invariant group error is used

8
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η = χ̃−1χ

=


C̃
b
eC

e
b C̃

b
e (υ

e
ib− υ̃e

ib) C̃
b
e (p

e
eb− p̃eeb) C̃

b
e

(
peeb,DR − p̃eeb,DR

)
01×3 1 0 0
01×3 0 1 0
01×3 0 0 1



=


exp(φ l×) dυ dp dpDR

01×3 1 0 0
01×3 0 1 0
01×3 0 0 1


(55)

where p̃eeb,DR is the DR position of SINS/LDV integration with
error contamination. dpDR is the DR position error vector cor-
responding to (50) and can be derived as

dpDR = C̃be
(
peeb,DR − p̃eeb,DR

)
=−C̃

b
eδp

e
eb,DR. (56)

According to (17) and (53), the error model of dpDR can be
easily derived as follows:

dṗDR =
˙̃Cbe
(
peeb,DR − p̃eeb,DR

)
+ C̃

b
e
(
ṗeeb,DR − ˙̃peeb,DR

)
=−

(
C̃
b
e
(
ω̃e
ie×

)
−
(
ω̃b
ib×

)
C̃
b
e

)
δpeeb,DR + C̃

b
e
(
υe−υeLDV

)

=−
(
ω̃b
ib×

)
dpDR − C̃

b
e
(
ω̃e
ie×

)
C̃
e
bC̃

b
eδp

e
eb,DR

+ C̃
b
e
(
υe−υeLDV

)
≈−

(
ω̃b
ib×

)
dpDR +

(
ω̃b
ie×

)
dpDR

+ C̃
b
e
(
−Ceb

(
υm×

)
φl−Ceb

(
υm×

)
ϕm−Cebυ

mδK
)

≈−
(
ωb
eb×

)
dpDR −

(
υm×

)
φl−

(
υm×

)
ϕm−υmδK.

(57)

According to (26)–(30) and (57), the error state vector is
defined as follows:

x=
[

φ l
T dυT dpT dpTDR

(
εbib

)T (
∇b

ib

)T
ϕmx ϕmz δK

]T
. (58)

Based on (26)–(28) and (57), the state transition matrix F and noise transfer matrix G can be expressed as:

F=


−ω̃b

ib× 03×3 03×3 03×3 −I3 03×3 03×2 0

−̃f
b
× −ω̃b

ib× 03×3 03×3 03×3 −I3 03×2 0
03×3 I3 −ω̃b

ib× 03×3 03×3 03×3 03×2 0
−υm× 03×3 03×3 −ωbeb× 03×3 03×3 Cυ υm

09×3 09×3 09×3 09×3 09×3 09×3 09×2 09×1

 (59)

G=

 −I3 03×3

03×3 −I3
015×3 015×3

 . (60)

Even though the differential equation for the left-invariant
error η is not trajectory-independent due to the presence of
ωb
eb (ω

b
eb = ωb

ib−Cbeω
e
ie), ω

e
ie is much smaller than ωb

ib during

vehicle motion, so that ωb
eb can be approximated as ωb

ib, and
thus the state transition matrix can be considered independent
of the global state.

9
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4.2. Measurement model

Similar to (38), the transformed measurement equation is
established as

z=

 C̃
b
e (υ̃

e
ib− zGNSS,1)

C̃
b
e ( p̃

e
eb− zGNSS,2)

C̃
b
e

(
p̃eeb,DR − zGNSS,2

)
=Hx+ v (61)

H=

[
06×3 −I6 06×3 06×9

03×3 03×6 −I3 03×9

]
. (62)

As shown in (62), the measurement transition matrix H
is independent of the trajectory, and by utilizing the atti-
tude error-immune process model (59) and the trajectory-
independent measurement model (62), the Lie group SE3 (3)-
based online calibration method for SINS/LDV proposed in
this section can achieve the initial alignment as well as the
online calibration of the system even with large initial attitude
errors.

4.3. Initial covariance setting and error feedback correction

Based on (48) and (56), the initial covariance transition matrix
Tl is set as follows in the Lie group SE2 (3)-based SINS/LDV
online calibration method:

Tl =


Tavp,l 03×3 03×3 03×3 03×3

03×9 −Cbe,0 03×3 03×3 03×3

03×9 03×3 I3 03×3 03×3

03×9 03×3 03×3 I3 03×3

03×9 03×3 03×3 03×3 I3

 . (63)

For the Lie group SE3 (3)-based SINS/LDV online cal-
ibration method proposed in this section, the feedback cor-
rection process includes feedback correction for SINS/LDV
integrated DR position error in addition to (50)–(52). Similar
to (52), the feedback correction at time k for the SINS/LDV
integrated DR position error can be expressed as:

peeb,DR,k = p̃eeb,DR,k+ C̃
e
b,kdpDR,k. (64)

5. Vehicle-mounted field test

To evaluate the effectiveness and practical value of the calibra-
tion method proposed in this paper, we conducted two groups
of vehicle-mounted tests. Figure 3 displays the test equipment,
which includes a self-developed high-precision IMU, a self-
made 1D-LDV, and a dual-antenna GNSS receiver. The high-
precision IMU consists of three ring laser gyros and three
quartz accelerometers with an output frequency of 100 Hz.
The bias instability of the gyros is within 0.007◦/h and their
random walk is within 0.001◦/√h. The bias instability of the
accelerometers is within 50 µg and their random walk is
50 µg/√h. The velocity measurement error of the LDV is
within 0.08% (1σ) with an output frequency of 100 Hz. The
dual-antenna GNSS receiver integrates microelectromechan-
ical system (MEMS) inertial sensors. The DGNSS receiver’s

Figure 3. Installation diagram of the experimental system.

horizontal positioning accuracy, altitude positioning accur-
acy, and velocity accuracy are within 0.05 m, 0.05 m, and
0.03 m s−1, respectively, with an output frequency of 10 Hz.

Two groups of field tests were conducted in Changsha
City to evaluate our proposed calibration method. Before
moving, the vehicle remained stationary for approximately
13 min at the initial location, where static attitude alignment
was performed to obtain an accurate initial attitude. The out-
puts of dual-antenna differential GNSS were used to calibrate
the SINS/LDV integrated navigation system. The reference
position of the vehicle was determined by a high-precision
SINS/GNSS integrated navigation system that combined a
high-precision IMU and a dual-antenna differential GNSS,
and applied the Rauch–Tung–Striebel smoothing algorithm to
process the data.

To evaluate the performance of the proposed methods, we
compare them with the most widely used calibration method
based on a conventional Kalman filter. We denote the calib-
ration method presented in section 2 as SO-KF, the calibra-
tion method based on the left error model (34) and the velo-
city measurement model (38) in section 3 as LSE-V-KF, the
calibration method based on the left error model (34) and the
displacement increment measurement model (46) in section 3
as LSE-DI-KF, and the calibration method based on the left
error model (59) in section 4 as LSE-DR-KF.

The first vehicle experiment lasted for 2.08 h and the
vehicle traveled a distance of 151.9 km. Figure 4 shows the
trajectory of the vehicle and the output of the LDV during
the experiment. Figures 5–7 show the calibration results of
different methods in the first experiment. It can be seen that
all the methods are able to estimate the error parameters of
the SINS/LDV integrated navigation system, and the calib-
ration results obtained by the four calibration methods are
very close numerically. However, the calibration curves of the
four calibration methods are subjected to different degrees of
fluctuation during the calibration process, due to the effects
of vehicle side-slip and other impacts brought about by the
violent maneuvers of vehicles, as well as the poor GNSS

10
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Figure 4. Trajectory of the vehicle and velocity curve of the LDV output in the first field test.

Figure 5. Curve of the scale factor in the first vehicle test.

signals caused by a large number of flyovers and billboards
on the highway. In terms of the fluctuation of the calibra-
tion curves, the LSE-DI-KF and LSE-DR-KF are less sub-
jected to fluctuations than the SO-KF and LSE-V-KF, which
is expected since displacement increment and DR position
are known to be more stable and robust observables com-
pared to velocity. Moreover, for LSE-V-KF and SO-KF, which
also use velocity as an observation quantity, the calibration
curve of LSE-V-KF is undoubtedly smoother than that of SO-
KF, which is one of the benefits of applying the Lie group
theory to the calibration of the combined navigation system.
The global state-independent state transition matrix and the
attitude-independent measurement transition matrix make the
LSE-V-KF more advantageous than SO-KF in harsh environ-
ments. For both LSE-DI-KF and LSE-DR-KF, it is also reas-
onable that LSE-DR-KF performs smoother because noise and
outliers have less effect on the DR position than displacement

Figure 6. Curve of the pitch misalignment angle in the first vehicle
test.

increments, and because the measurement transition matrices
of LSE-DR-KF are attitude-independent while those of LSE-
DI-KF are attitude-dependent.

To evaluate the accuracy of the four calibration meth-
ods, the DR of the SINS/LDV integrated navigation system
is performed using the calibration results, as the calibration
accuracy of the SINS/LDV system is directly reflected in the
positional error of the DR The smaller positional error indic-
ates the higher calibration accuracy of the SINS/LDV sys-
tem. Figure 8 compares the horizontal positioning error and
ratio with respect to the distance travelled of different meth-
ods in the first test. Figure 9 shows the height positioning
error of different methods in the first test. Table 1 summar-
izes the maximum (Max) and mean (Mean) position errors of
the SINS/LDV integrated navigation system calibrated by four
different methods in the first test.

11
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Figure 7. Curve of the heading misalignment angle in the first vehicle test.

Figure 8. First test’s horizontal location error and horizontal error ratio.

Figure 9. First test’s height positioning error.

12
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Table 1. Performance comparison of the four methods in the first test (151.9 km).

Methods Mean (m) Error ratio (‰) Max (m) Error ratio (‰)

SO-KF
Horizontal error 11.15 0.073 22.44 0.147
Height error 6.83 0.045 14.86 0.098

LSE-V-KF
Horizontal error 11.77 0.077 22.48 0.148
Height error 8.72 0.057 18.28 0.120

LSE-DI-KF
Horizontal error 7.75 0.051 18.61 0.123
Height error 11.80 0.078 23.85 0.157

LSE-DR-KF
Horizontal error 10.30 0.068 20.92 0.137
Height error 4.53 0.030 10.74 0.071

As shown in figures 8, 9 and table 1, the positioning accur-
acy of the SINS/LDV integrated navigation system varies with
different calibration methods, but there is no significant dif-
ference in the calibration accuracy among the four calibra-
tion methods, which are generally at the same level. They
are all able to calibrate the SINS/LDV integrated navigation
system accurately, and keep the horizontal position error of
SINS/LDV integrated navigation system within 0.02% of the
mileage. Although the DR horizontal position errors of the
SINS/LDV integrated navigation system calibrated by vari-
ous methods are not much different from each other, there
are still some differences among the methods. The errors of
LSE-DI-KF and LSE-DR-KF are smaller than those of LSE-V-
KF and SO-KF, indicating that using the displacement incre-
ment and the DR position as the filter observations is help-
ful to improve the calibration accuracy. The error of LSE-
V-KF is slightly larger than that of SO-KF, indicating that
LSE-V-KF is not necessarily better than SO-KF in normal
experimental scenarios. Regarding the height error of DR, the
four methods are not very accurate in estimating the pitch
installation misalignment angle, but this is expected, because
one-dimensional LDV (1D-LDV) cannot measure the ver-
tical velocity of the vehicle, and the three-dimensional velo-
city of the vehicle obtained through LDV is based on the
NHC assumption, that is, the vehicle has zero lateral and ver-
tical velocity. However, strictly speaking, the vertical zero-
velocity constraint in the NHC should be perpendicular to the
ground rather than along the Z-axis in the m frame. Therefore,
the pitch installation misalignment angle calibrated is actu-
ally the pitch misalignment angle between the IMU and the
roadway rather than the pitch installation misalignment angle
between the IMU and the LDV. Thus, for the integrated nav-
igation system composed of the IMU and the 1D-LDV, factors
such as vehicle maneuvering, vehicle load changes, vehicle
tire status, and road surface conditions will affect the estim-
ation of the pitch misalignment angle. According to [17], we
give figure 10 to show the vertical velocity of the vehicle
in the m frame during the first experiment. It can be seen
that during the experiment, the vertical velocity of the vehicle
in the m frame, although fluctuating above and below zero,
does not satisfy the NHC assumption most of the time, which
will affect the estimation of the pitch misalignment angle.
Therefore, for the SINS/OD integrated navigation system and

Figure 10. The vertical velocity of the vehicle in the m frame in the
first test.

the SINS/1D-LDV integrated navigation system, people are
more concerned about their horizontal positioning accuracy,
and they also often use an atmospheric pressure altimeter to
constrain the altitude information.

In section 3, we pointed out that the calibration method
based on Lie group will show better performance than the cal-
ibration method based on traditional model when facing large
misalignment angles. Therefore, we calibrate the SINS/LDV
integrated navigation system without static attitude initial
alignment based on the data from the first experiment.
Figure 11 shows the attitude error results of the different meth-
ods during the calibration process. Figure 12 shows the calib-
ration results of the different methods. Figure 13 shows the DR
position error obtained from the calibration results in figure 12.
As shown in figure 11, the attitude errors of LSE-V-KF and
LSE-DR-KF converge significantly faster than those of LSE-
DI-KF and SO-KF. They can both quickly converge the head-
ing error to within 0.1◦ with an initial heading angle error of
159◦ for the integrated navigation system. Although the atti-
tude errors of LSE-DI-KF converge less quickly than those
of LSE-V-KF and LSE-DR-KF, they are better than SO-KF.
Based on the results in figure 11, we can easily foresee that
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Figure 11. Attitude errors in the first large misalignment test.

Figure 12. Calibration results in the first large misalignment test.

the calibration results of LSE-V-KF and LSE-DR-KF are bet-
ter than those of LSE-DI-KF and SO-KF at large misalign-
ment angles, because (9) and (46) show that the measurement
transition matrices of LSE-DI-KF and SO-KF are attitude-
dependent and when the attitude is no longer accurate, the cal-
ibration results of LSE-DI-KF and SO-KF will be affected. It
is also obvious that the calibration results of LSE-DI-KF are
better than those of SO-KF under large misalignment angle
conditions because the process model of LSE-DI-KF is inde-
pendent of the global state, unlike SO-KF. The calibration res-
ults in figure 12 and the DR position errors in figure 13 are
consistent with the analysis performed based on figure 11.

To further verify the effectiveness and evaluate the accur-
acy of the proposed calibration method, a second vehicle test

was conducted that lasted 1.67 h and covered a total distance
of 119.87 km. The vehicle trajectory and the LDV output are
shown in figure 14. The calibration results of differentmethods
in the second experiment are presented in figures 15–17. The
DR results of the SINS/LDV integrated navigation system cal-
ibrated by different methods are compared in figures 18 and 19
and table 2. The attitude errors and calibration results during
calibration without initial alignment are shown in figures 20
and 21. The DR position errors obtained from the calibration
results in figure 21 are shown in figure 22.

From figures 15–19 and table 2, it can be seen that the DR
position error of LSE-V-KF is smaller than that of SO-KF in
the second experiment, while the DR position error of LSE-V-
KF is slightly larger than that of SO-KF in the first experiment.

14



Meas. Sci. Technol. 35 (2024) 055106 Z Xiang et al

Figure 13. Position error of the first test based on the calibration results of figure 12.

Figure 14. Trajectory of the vehicle and velocity curve of the LDV output in the second field test.

Figure 15. Curve of the scale factor in the second vehicle test.
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Figure 16. Curve of the pitch misalignment angle in the second vehicle test.

Figure 17. Curve of the heading misalignment angle in the second vehicle test.

Figure 18. Second test’s horizontal location error and horizontal error ratio.
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Figure 19. Second test’s height positioning error.

Table 2. Performance comparison of the four methods in the second test (119.87 km).

Methods Mean (m) Error ratio (‰) Max (m) Error ratio (‰)

SO-KF
Horizontal error 12.66 0.105 27.35 0.228
Height error 5.93 0.049 9.32 0.078

LSE-V-KF
Horizontal error 11.07 0.092 23.92 0.199
Height error 4.80 0.040 6.88 0.057

LSE-DI-KF
Horizontal error 7.21 0.060 15.90 0.133
Height error 6.84 0.057 10.94 0.091

LSE-DR-KF
Horizontal error 5.55 0.046 14.08 0.117
Height error 4.91 0.041 7.09 0.059

Figure 20. Attitude errors in the second large misalignment test.

This again indicates that LSE-V-KF is not essentially super-
ior over SO-KF, and that under non-harsh conditions, LSE-
V-KF and SO-KF have a similar performance. Similarly, the
DR horizontal position error of LSE-DR-KF is slightly smaller

than that of LSE-DI-KF in the second experiment, indicat-
ing that LSE-DR-KF and LSE-DI-KF have similar perform-
ance under normal experimental conditions. Consistent with
the first experiment, the DR horizontal position errors of
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Figure 21. Calibration results in the second large misalignment test.

Figure 22. Position error of the first test based on the calibration results of figure 21.

LSE-DR-KF and LSE-DI-KF in the second experiment are
still smaller than those of LSE-V-KF and SO-KF, which again
indicates that using displacement increment and DR position
as the filter observations is helpful to improve the calibration
performance. Figure 20 shows that in the second experiment,
the heading errors of all four methods without initial align-
ment converge to within 0.2◦ within 900 s. However, LSE-DR-
KF and LSE-V-KF have better convergence speed and steady-
state error than LSE-DI-KF and SO-KF, and SO-KF has the
slowest convergence speed and the largest steady-state error.
This is consistent with the consistent with the theoretical ana-
lysis in sections 3 and 4 as well as the performance of each
method shown in the first experiment, so the superiority shown
byLSE-DR-KF andLSE-V-KF in figures 21 and 22 is obvious.

6. Conclusion

In this article, the Lie group theory is applied to the tra-
ditional calibration method of SINS/LDV integrated naviga-
tion system based on Kalman filter, and three online calibra-
tion methods based on Lie group left-invariant error model
are proposed based on the common observations in integ-
rated navigation, i.e., velocity, displacement increment, and
DR position. The effectiveness of the proposed methods is
verified by two groups of long-distance vehicle experiments
and compared with the traditional calibration method. The res-
ults show that under normal conditions (no large attitude mis-
alignment angle and all sensors are working properly), the Lie
group -based calibration methods have similar performance
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to the traditional calibration method. The calibration results
also show that using displacement increment and DR position
as the observations improves the calibration performance than
using velocity as the observation. To further validate the per-
formance of the proposedmethod, the calibration performance
of the proposed method is tested in the presence of large initial
attitude errors, and the results show that the advantage of the
Lie group-based calibration method is significant in the pres-
ence of large initial attitude misalignment angles. This allows
the SINS/LDV integrated navigation system to proceed dir-
ectly to the calibration process without having to obtain an
accurate initial attitude, which can reduce the preparation time
for the calibration process. Considering that the IMU used in
this paper is a high-precision IMU, the effectiveness of the
proposed method will be tested on a low-cost MEMS IMU
in future work.
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