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A Robust Online Calibration Method for
SINS/LDV Integrated Navigation System

Based on Position Observation
Zhiyi Xiang , Qi Wang, Rong Huang , Shilong Jin , Xiaoming Nie , and Jian Zhou

Abstract—The integration of strapdown inertial navigation
system (SINS) with a laser Doppler velocimeter (LDV) has
been proven to be a reliable technique for land vehicle
localization. To enhance the positioning accuracy of the
SINS/LDV integrated navigation system, accurate calibration
is essential. Hence, this article proposes a robust position
observation-based calibration method for the SINS/LDV inte-
grated navigation system. In this method, the calibration pro-
cess is partitioned into two phases: coarse calibration and
fine calibration. In the coarse calibration phase, an analytical
calibration method is adopted, and in the fine calibration
phase, a robust Kalman filter is first designed to obtain
the accurate vehicle attitude and position. Then, another
Kalman filter is designed using an LDV error propagation
model based on position observation to further calibrate
the SINS/LDV integrated navigation system. To reduce the
effect of the nonholonomic constraint (NHC) assumption
violation on the calibration results during vehicle turning,
z-gyro and LDV velocity outputs are used to detect whether
the vehicle changes the direction and to compensate for the
lateral velocity of the LDV in the LDV frame when the vehicle
changes the direction. The performance of the proposed method is verified by two groups of vehicle field tests. The
results show that the proposed method has higher calibration accuracy and stronger robustness than the three other
compared methods. In the two groups of tests with total mileage of 76.9 and 65.34 km, the maximum dead reckoning
(DR) horizontal positioning errors of the SINS/LDV integrated navigation system calibrated with the proposed method
are 6.61 and 10.91 m, respectively.

Index Terms— Calibration, laser Doppler velocimeter (LDV), position observation, strapdown inertial navigation system
(SINS).

I. INTRODUCTION

STRAPDOWN inertial navigation system (SINS) is widely
used in autonomous land navigation because it can output

multiple navigation parameters, operates independently, has a
high output frequency, and is well concealed. However, the
SINS error accumulates over time, which is not conducive to
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long-term high-precision navigation [1]. Therefore, integrated
navigation technology has become a popular research area.
Global navigation satellite systems (GNSSs) have been widely
used to reduce the error accumulation of SINS. However,
when land vehicles travel between tall buildings or in areas
with tree cover or tunnels, GNSS may encounter frequent
signal occlusion or even interruption, leading to divergence
of integrated navigation results [2], [3]. The odometer (OD)
can provide velocity and position increment information for
a vehicle by sensing the rotation of its wheel axle [4]. As a
result, the OD is fully autonomous and most current research
on autonomous navigation methods for land vehicles in GNSS-
denied scenarios focuses on SINS/OD integrated navigation.
Although many studies have demonstrated the superior per-
formance of the SINS/OD integrated navigation system, the
influence of vehicle tire condition and driving condition on
the OD is unavoidable. This limits the positioning accuracy
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of the SINS/OD integrated navigation system in practical
applications [5], [6], [7], [8], [9], [10].

Laser Doppler velocimeter (LDV) is an instrument based
on laser scattering that uses the Doppler frequency shift of
scattered light from moving particles to determine the velocity
of particles [11]. It has the characteristics of noncontact
measurement, high accuracy of velocimetry, a wide range of
velocimetry, good dynamic performance, good autonomy, and
good real-time performance [12]. The noncontact measure-
ment characteristic of LDV makes the measurement value of
onboard LDV independent of the tire state of the vehicle.
As a result, LDV is more suitable for measuring the velocity
information of land vehicles than OD. In addition, LDV the-
oretically has better real-time performance than OD because
it directly measures the velocity of the vehicle rather than its
position increment. In recent years, LDV has been used for
terrestrial navigation and integrated with SINS. Many studies
have shown the effectiveness of this integration [13], [14],
[15], [16], [17], [18], [19].

The nonholonomic constraint (NHC) is widely used in
SINS/OD integrated navigation systems. It is based on the
assumption that no slippage or jump occurs during vehicle
driving, meaning that both the lateral and vertical velocities
of the vehicle are zero. By combining the forward velocity
of the vehicle obtained from OD measurements with NHC,
the 3-D velocity of the vehicle can be obtained. Since both
1-D LDV (1D-LDV) and OD are used to measure the forward
velocity of a vehicle, the SINS/LDV integrated navigation
system shares many similarities with the SINS/OD integrated
navigation system, i.e., installation misalignment angle, lever
arm error, and sensor’s own scale factor error are also present
in the SINS/LDV integrated navigation system. Among them,
the installation misalignment angle of the LDV is caused
by the noncoincidence between the body frame where the
inertial measurement unit (IMU) is located and the LDV
frame, the scale factor error of the LDV is caused by the
difference between the actual and design values of the LDV
beam inclination angle, and the lever arm error is caused by the
deviation between the IMU installation point and the effective
point of the NHC.

Yan [20] pointed out that if the pitch and heading installation
misalignment angles are not calibrated, they will significantly
influence the positioning accuracy of the SINS/OD integrated
navigation system for long-range navigation applications.
Therefore, in order to improve the accuracy of the SINS/LDV
integrated navigation system, it is necessary to accurately
calibrate the installation deviation between the LDV frame and
the body frame, the scale factor error of LDV, and the lever
arm error between IMU and LDV. In particular, the installation
deviation between the LDV frame and the body frame and the
scale factor error of LDV are especially important.

The online calibration method based on Kalman filter is
the most common calibration method in the integrated nav-
igation system [21], [22], [23], [24], [25], [26], [27], [28],
[29]. Wu et al. [21] used the OD output and the NHC as
velocity updates to calibrate the attitude misalignment angle,
the lever arm error, and the scale factor error of OD for the
SINS/OD integrated navigation system. They also conducted

a rigorous observability analysis of the error terms. Wang
et al. [22], [24] applied this approach to accurately calibrate
the SINS/2D-LDV and SINS/3D-LDV integrated navigation
systems. Zhu et al. [25] replaced differenced GNSS (DGNSS)
or precise point positioning techniques with time-differenced
carrier phase observations to complete the calibration process
of the SINS/1D-LDV integrated navigation system. The trajec-
tory similarity principle is also used to calibrate the onboard
navigation system. Yan [20] calibrated the scale factor error
of OD and the pitch and heading installation misalignment
angles of IMU and OD using the similarity principle between
the dead reckoning (DR) trajectory and the true trajectory. Gao
et al. [30] followed this idea and used the GNSS trajectory
and the SINS/LDV DR trajectory of the first few minutes
after initial alignment to perform a coarse calibration process.
They used the coarse calibration result as the initial value
for the subsequent filter calibration to improve the calibration
accuracy. Considering that GNSS is not always reliable, Xi
et al. [31] used highly accurate output information in the
early stage of the inertial navigation system to obtain the
scale factor of LDV and the heading installation error angle of
the SINS/1D-LDV integrated navigation system. Some optimal
estimation methods other than Kalman filtering are also used
for calibrating an integrated navigation system [32], [33],
[34], [35], [36]. Zhang et al. [33] proposed an independent
calibration method for the SINS/LDV integrated navigation
system that uses the least squares algorithm and does not
depend on any additional equipment or benchmarks. Xiang
et al. [34] used Davenport’s q-method to estimate the mis-
alignment angle matrix of the SINS/LDV integrated navigation
system.

Currently, the NHC-based velocity observation method is
the predominant calibration method for integrated navigation
systems. However, if the vehicle no longer conforms to the
NHC, the calibration effect of such methods will be greatly
reduced. In addition, although velocity observation is more
accurate and robust than acceleration observation, it is still
susceptible to noise and outliers. To ensure the calibration
accuracy of the SINS/LDV integrated navigation system in
a nonideal environment, we proposed a calibration method
based on position observation in our previous work [34].
However, this method has a limitation: the position observation
is obtained by summing up the position increments for each
time period, which leads to a continuous decrease in the
accuracy of its position observation due to the accumulation
of position increment errors. Therefore, a more robust and
accurate position observation-based calibration method for the
SINS/LDV integrated navigation system is proposed in this
article. Compared with previous calibration methods for the
SINS/LDV integrated navigation system, the main contribu-
tions of this article are given as follows: 1) a Kalman filter
is designed using an LDV error propagation model based
on position observation to calibrate the SINS/LDV integrated
navigation system; 2) a robust Kalman filter is designed
to obtain the SINS/GNSS integrated navigation results and
reduce the influence of GNSS outliers on them; and 3) a
method is introduced to detect whether the vehicle changes the
direction according to z-gyro and LDV velocity outputs and
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Fig. 1. Installation relationship between the IMU and the LDV.

to compensate for the lateral velocity of the LDV in the LDV
frame when the vehicle changes the direction to reduce the
effect of violating the NHC on the calibration results during
vehicle turning.

The rest of this article is organized as follows. In Section II,
the calibration parameters in SINS/LDV integrated naviga-
tion system are introduced. In Section III, a robust position
observation-based calibration method for the SINS/LDV inte-
grated navigation system is proposed. In Section IV, the
proposed calibration method is compared with the traditional
calibration method by using the vehicle-mounted field test data
from an LDV-aided SINS. Concluding remarks are given in
Section V.

II. CALIBRATION PARAMETERS IN SINS/LDV
INTEGRATED NAVIGATION SYSTEM

The installation relationship between the IMU and the LDV
is shown in Fig. 1. The LDV frame (m frame) is defined as
right–forward–upward, while the IMU body frame (b frame)
is also defined as right–forward–upward. The navigation frame
(n frame) is defined as east–north–up.

The 1-D velocity along the vehicle trajectory, provided by
the 1D-LDV, and the well-known NHC of land vehicles can be
used to achieve 3-D velocity measurements of land vehicles.
Denoting the true travel speed of the vehicle by υy , the true
velocity of the vehicle in the m frame can be expressed as

υm
=
[

0 υy 0
]T

. (1)

The LDV measures the velocity accurately by sensing the
Doppler frequency shift of backscattered light. Fig. 2 shows
the optical path structure of a traditional 1D-LDV system. θ is
the incident angle of the beam. υLDV denotes the velocity of
a 1D-LDV, as given by the following equation:

υLDV = λ fD/(2 cos θ) = K fD = υy (2)

where λ denotes the wavelength of the laser, fD is the Doppler
frequency, and K denotes the scale factor of the LDV.

Fig. 2. Optical schematic of the traditional 1D-LDV.

Equation (2) shows that the scale factor of LDV depends
on the wavelength of the laser and the beam inclination angle
of LDV. However, in practical applications, these parameters
may deviate from their true values, which will lead to the scale
factor error. Therefore, the vehicle velocity measured by LDV
in the m frame is

υm
LDV =

[
0 υ̃LDV 0

]T
=
[

0 (1 + δK )υLDV 0
]T

= (1 + δK )υm (3)

where δK denotes the scale factor error and υ̃LDV is the actual
output of a 1D-LDV.

As shown in Fig. 1, due to the constraints of the installation
conditions, it is difficult for the m frame to be aligned with
the b frame, resulting in angular misalignment between the
two frames. The installation misalignment angles between the
m frame and the b frame can be expressed by a vector,
φm = [ φmx φmy φmz ]

T , where φmx , φmy , and φmz denote
the pitch installation misalignment angle, the roll installation
misalignment angle, and the heading installation misalignment
angle, respectively. Since the installation misalignment angle
is usually very small, the transformation matrix from the m
frame to the b frame can be approximated as

Cb
m = I3 − φm× =

 1 φmz −φmy

−φmz 1 φmx

φmy −φmx 1

 (4)

where I3 is the 3 × 3 identity matrix and φm× denotes the
antisymmetric matrix of φm .

According to (4), the velocity of the LDV in the b frame
can be calculated as

υb
LDV = Cb

mυm
LDV =

[
φmz υ̃LDV υ̃LDV −φmx υ̃LDV

]T
. (5)

It is worth noting that the effect of the lever arm is not
considered in the traditional SINS/LDV integrated calibration
methods because, unlike the OD, the LDV can be easily
mounted alongside the IMU. In addition, (5) shows that for
1D-LDV, the roll installation misalignment angle has no effect
on the velocity of the LDV in both the b and n frames.
Therefore, it is unobservable and should be disregarded.
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In the n frame, the attitude error of SINS satisfies

C̃n
b = (I3 − ϕ×)Cn

b (6)

where Cn
b and C̃n

b are the true and error-contaminated attitude
matrices from the b frame to the n frame, respectively, and ϕ

and ϕ× denote the attitude error of SINS and its corresponding
antisymmetric matrix, respectively.

Since the velocity of the vehicle measured by the LDV in
the n frame depends on the attitude output of the SINS, the
velocity of the LDV in the n frame will be affected by the
attitude error of the SINS. Therefore, the velocity of the LDV
in the n frame can be expressed as

υn
LDV = C̃n

b Cb
mυm

LDV = (I3 − ϕ×)Cn
b Cb

mυm
LDV. (7)

According to (3), (5), and (7), the velocity error of the LDV
in the n frame can be derived as

δυn
LDV = υn

LDV − υn

= (I3 − ϕ×)Cn
b

(
I3 − φm×

)
(1 + δK )υm

− υn

≈
(
υn

×
)
ϕ + Cn

b

(
υm

×
)
φm + δKυn (8)

where υn denotes the vehicle true velocity in the n frame.

III. PROPOSED CALIBRATION METHOD FOR SINS/LDV
INTEGRATED NAVIGATION SYSTEM

Fig. 3 shows the overall block diagram of the proposed
calibration method for the SINS/LDV integrated navigation
system based on position observation. The method consists of
two separate phases: phase 1 performs the coarse calibration
using the analytical method and phase 2 performs the fine
calibration using the filtering method. Phase 2 consists of two
independent steps. In the first step, the SINS/GNSS integrated
navigation process is performed to obtain accurate attitude,
velocity, and position information of the vehicle. A robust
Kalman filter is used for the SINS/GNSS integrated navigation
process to reduce the effect of GNSS outliers. In the second
step of phase 2, the output velocity of the LDV is corrected
using the calibration parameters obtained from the coarse
calibration process. The DR process is then executed based
on the vehicle attitude information obtained in the first step.
A Kalman filter, designed using the LDV error propagation
model based on position observation, is employed to achieve
the accurate calibration of the SINS/LDV integrated navigation
system. Considering that the NHC of the vehicle may be
disrupted during turning, judgment conditions for violating
NHC are established based on the output of the LDV and the
output of the z-axis gyro of the IMU. When NHC is violated,
lateral velocity compensation is performed for the velocity of
the LDV in the m frame, according to the projection of the
SINS/GNSS velocity in the m frame.

A. Coarse Calibration Process
Gao et al. [30] proposed an analytical calibration method

based on the trajectory similarity principle and applied it to the
coarse calibration process of the SINS/LDV integrated naviga-
tion system. However, this method does not consider the pitch
installation misalignment angle. As shown in (5), the pitch
installation misalignment angle affects the vertical velocity of

Fig. 3. Block diagram of the proposed calibration method.

Fig. 4. Schematic of the relationship between GNSS trajectory and DR
trajectory.

the LDV in the b frame, which in turn influences the estimation
of the vehicle height. In this section, the analytical calibration
method proposed in [30] is extended from 2-D to 3-D based
on the principle of trajectory similarity. This allows for the
determination of coarse calibration results for not only the
LDV scale factor and heading installation misalignment angle
but also for the pitch installation misalignment angle. Fig. 4
shows the relationship between the GNSS trajectory and the
SINS/LDV DR trajectory at the initial time in the n frame.
Point O indicates the initial position of the vehicle, and its
coordinate is (X O , YO , Z O). Points PGNSS and P̃DR denote
the positions of the vehicle after a short period of motion,
as obtained by GNSS and SINS/LDV DR, respectively. Their
coordinates are (XGNSS, YGNSS, ZGNSS) and (XDR, YDR, ZDR),
respectively. D1 and D2 are the distances from O to PGNSS
and from O to P̃DR, respectively.

According to Fig. 4, the coarse calibration results for both
the scale factor and the installation misalignment angles are

K̃ =
D1

D2
(9)
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φ̃mx = a sin
(

ZGNSS − Z O

D1

)
− a sin

(
ZDR − Z O

D2

)
(10)

φ̃mz = a tan
(

YGNSS − YO

XGNSS − X O

)
− a tan

(
YDR − YO

XDR − X O

)
. (11)

After completing the coarse calibration, the parameters
obtained are used as initial values for the subsequent fine
calibration process.

B. Fine Calibration Process
This section proposes a robust fine calibration method for

the SINS/LDV integrated navigation system to ensure its
calibration accuracy in a nonideal environment. The method
consists of two parts: SINS/GNSS integrated navigation and
filtering calibration based on position observation. These parts
are described in detail next.

1) SINS/GNSS Integrated Navigation: For the SINS/GNSS
integrated navigation system, the error model of SINS is given
by

ϕ̇ = ϕ × ωn
in + δωn

in − Cn
bε

b
ib

δυ̇
n
SINS = −ϕ × f n

+ δυn
SINS ×

(
2ωn

ie + ωn
en

)
+ υn

SINS ×
(
2δωn

ie + δωn
en

)
+ Cn

b∇
b
ib

δ L̇ = δvN /(RM + h) − vN δh/
(
RM + h2)

δλ̇ = sec LδvE/(RN + h) + vE tan L sec LδL/(RN + h)

− vE sec Lδh/(RN + h)2

δḣ = δυU

ε̇
b
ib = 03×1

∇̇
b
ib = 03×1 (12)

where δυn
SINS denotes the velocity error of SINS. δ pSINS =

[ δL δλ δh ]
T denotes the position error vectors of SINS.

L , λ , and h are the local latitude, local longitude, and local
altitude, respectively. ωn

in is the angular rate of the n frame
relative to the inertial frame in the n frame, ωn

en denotes
the angular rate of the n frame relative to the Earth frame
in the n frame, and ωn

ie is the Earth rotation rate in the n
frame. f n denotes the specific force in the n frame. RM

and RN are the principal radius of curvature of the prime
meridian and the equator, respectively. εb

ib and ∇
b
ib are the gyro

constant bias and the accelerometer constant bias, respectively.
υn

SINS = [ υE υN υU ]
T and pSINS = [ L λ h ]

T are the
velocity output and position output of SINS, respectively, and
can be expressed as

υn
SINS = υn

+ δυn
SINS (13)

pSINS = p + δ pSINS (14)

where p denotes the true position of the vehicle.
Due to the lever arm distance between GNSS and IMU,

the n frames of GNSS and IMU are different, but they can
be considered parallel to each other. By using the n frame
of SINS as a reference, the velocity and position outputs of
DGNSS can be written as follows:

υGNSS ≈ υn
+ Cn

b

(
ωb

eb × Lb) (15)

pGNSS ≈ p + F pvCn
b Lb (16)

F pv =


0

1
RM + h

0

sec L
RM + h

0 0

0 0 1

 (17)

where υGNSS and pGNSS are the velocity and position outputs
of the DGNSS, respectively, Lb is the lever arm from the IMU
center to the phase center of the DGNSS antenna, and ωb

eb is
the angular rate of SINS relative to Earth in the b frame.

Based on (12), the error state vector of SINS/GNSS inte-
grated navigation system is defined as

xk =

[
ϕT δ

(
υn

SINS

)T
δ pT

SINS

(
εb

ib

)T (
∇

b
ib

)T
]T

. (18)

The system state equation is given by

ẋk = Fk xk + Gkwk (19)

where Fk denotes the 15 × 15 system state transition matrix
and Gk and wk are the noise transfer matrix and the system
noise vector, respectively. These matrices can be determined
from (12).

By using the difference in velocity and position between
SINS and GNSS as the system measurement, the measurement
equation can be written as

zk =

[
υn

SINS + Cn
b

(
ωb

eb × Lb)
− υGNSS

pSINS + F pvCn
b Lb

− pGNSS

]
= Hk xk + vk (20)

where Hk = [ 06×3 I6 06×6 ] denotes the measurement
transition matrix and vk is the zero-mean Gaussian white noise
vector.

One condition for the standard Kalman filter to be optimal
in the sense of unbiased minimum variance is that both system
and measurement noise follow a Gaussian distribution. How-
ever, if either type of noise is non-Gaussian, the performance
of the filter is inevitably degraded, particularly when measure-
ment errors are large. In practical application environments,
especially in urban and forest environments, GNSS signals
may frequently be occluded or interrupted. This will cause
the assumptions of the standard Kalman filter to be violated,
leading to reduced accuracy in SINS/GNSS integrated navi-
gation. To reduce the impact of GNSS outliers on the results
of SINS/GNSS integrated navigation, multiple fading factors
are introduced to inflate the measurement noise covariance
matrix to improve the robustness of the SINS/GNSS integrated
navigation system.

The new measurement noise covariance matrix is defined
as

R̂k = Sk Rk ST
k (21)

where Sk = diag{ s1 s2 · · · sn }, si is the fading factor
corresponding to the i th measurement component z(i)

k , and n
is the dimension of the measurement value.

The innovation vector of the filter is

ek = zk − Hk xk|k−1 (22)

where xk|k−1 denotes the one-step prediction of system state
in the Kalman filter.
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Under the Gaussian assumption, the distribution covariance
of ek is

Ck = Hk Pk|k−1 HT
k + Rk (23)

where Pk|k−1 denotes the covariance matrix corresponding to
xk|k−1.

The equally weighted recursive estimation method for Ck

can be constructed as

Ĉk =
1
k

k∑
i=1

(
H i P i |i−1 HT

i + Ri
)

=
1
k

[
k−1∑
i=1

(
H i P i |i−1 HT

i + Ri
)
+
(
Hk Pk|k−1 HT

k + Rk
)]

=

(
1 −

1
k

)
Ĉk−1 +

1
k

(
Hk Pk|k−1 HT

k + Rk
)

=

(
1 −

1
k

)
Ĉk−1 +

1
k

(
ek eT

k

)
. (24)

To improve the adaptive ability of (21), it is rewritten as

Ĉk = (1 − ηk)Ck−1 + ηk ek eT
k (25)

where ηk = ηk−1/(ηk−1 + b), η0 = 1, and 0 < b < 1 is the
decay factor and is typically set to b = 0.9 ∼ 0.999.

To solve for Sk , we have the following expression:

Ĉk = Hk Pk|k−1 HT
k + R̂k = Hk Pk|k−1 HT

k + Sk Rk ST
k . (26)

It can be derived from (26) that

Sk(i) = max

(
1,

√
Nk(i, i)
Rk(i, i)

)
(27)

where

Nk = Ĉk − Hk Pk|k−1 HT
k . (28)

It is important to note that si should not be less than 1. This
is because, in the presence of GNSS outliers, the measurement
noise covariance matrix should be inflated to reduce the weight
of the observations in the filtering process.

To avoid affecting the normal structure of the filter and
increasing computational burden through excessive use of
fading factors, the Mahalanobis distance of innovation vec-
tor is introduced to determine whether the fading factors
are required. The Mahalanobis distance denotes the distance
between two vectors and can be expressed as

M(a, b) =

√
(a − b)T 6−1(a − b) (29)

where 6 is the covariance matrix.
When the innovation vector follows a Gaussian distribution,

its Mahalanobis distance should be chi-square distributed with
degrees of freedom equal to the dimension of the innovation
vector

fk = eT
k

[
Hk Pk|k−1 HT

k + Rk
]−1ek ∼ χ2(n). (30)

Based on (30), the judgment criterion is{
fk ≤ TD, The fading factor is not introduced
fk > TD, The fading factor is introduced

(31)

where TD denotes the preset threshold and can be obtained
by the freedom degree and required significance level of the
chi-square distribution.

2) Calibration Process Based on Position Observation:
Based on the LDV error model described in Section II and
considering the effect of the lever arm between the IMU and
LDV (in the future, due to the limitations of the installation
conditions, the LDV may not always be installed together with
the IMU), the online calibration of the SINS/LDV integrated
navigation system can be achieved by transforming the cal-
ibration parameters into a part of the state variables of the
integrated navigation system. For the Kalman filter design of
the calibration process based on position observation, the error
state vector is defined as

x1
k =

[
δϕT δ pT

DR δφmx δφmz δK ′
]T (32)

where δϕ denotes the residual attitude error of SINS after
the SINS/GNSS integrated navigation process and δ pDR =

[ δLDR δλDR δhDR ]
T denotes the DR position error vectors

of SINS/LDV integrated navigation system. δφmx and δφmz

are the pitch installation misalignment angle and heading
installation misalignment angle between the m frame and
the b frame, respectively, after the coarse calibration process.
δK ′ denotes the scale factor error after the coarse calibration
process.

When considering the effect of the lever arm between
IMU and LDV, the following relationship holds between the
velocities in the b and m frames:

υb
= Cb

mυm
− ωb

eb × Lb
LDV (33)

where Lb
LDV is the level arm between the IMU and the LDV.

After completing the coarse calibration process, the velocity
of the LDV in the n frame can be expressed as

υn
LDV = C̃n

b C̃b
m K̃υm

LDV − C̃n
b

(
ωb

eb × Lb
LDV

)
(34)

where the attitude matrix C̃n
b is provided by the SINS/GNSS

integrated navigation system, K̃ is the scale factor of LDV
after the coarse calibration process, and the transformation
matrix C̃b

m , following the y-x-z rotation sequence, can be
calculated as in (35), shown at the bottom of the next page,
where

C x
(
φ̃mx

)
=

 1 0 0
0 cos φ̃mx − sin φ̃mx

0 sin φ̃mx cos φ̃mx


C y
(
φ̃my

)
=

 cos φ̃my 0 sin φ̃my

0 1 0
− sin φ̃my 0 cos φ̃my


C z
(
φ̃mz

)
=

 cos φ̃mz − sin φ̃mz 0
sin φ̃mz cos φ̃mz 0

0 0 1

. (36)

Since the roll installation misalignment angle has no effect
on the SINS/LDV integrated navigation system, φ̃my = 0.

Since (34) is derived based on the NHC, errors may occur
in the equation when the vehicle’s motion state does not fully
satisfy the NHC assumptions. This can ultimately affect the
filtering results. Therefore, it is necessary to compensate for
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the lateral velocity of the LDV in the m frame when the NHC
is violated. Based on the results of the coarse calibration, the
velocity projection of the SINS/GNSS integrated navigation
system in the m frame can be expressed as

υ̃
m

=
[
υl υ f υv

]
= C̃m

b C̃b
nυ

n. (37)

To mitigate the effects of outliers, we express the lateral
velocity of the vehicle used to compensate for the LDV lateral
velocity in the m frame at moment k as

υlateral =
1
N

k∑
i=k−N+1

υl(i) (38)

where N is the preset value and υl(i) denotes the value of υl

at moment i .
It is well known that a vehicle is prone to sideslip when

turning, thus violating the NHC. In addition, according to
vehicle dynamics, the forward velocity of the vehicle is a
factor affecting its lateral acceleration [37]. Therefore, whether
the NHC is violated can be determined based on the vehicle’s
traveling velocity and angular increment. Equation (3) can then
be written as

υ̂
m
LDV =


[

0 υ̃LDV 0
]T

, Az K̃ υ̃LDV ≤ TNHC[
υlateral υ̃LDV 0

]T
, Az K̃ υ̃LDV > TNHC

(39)

where TNHC is the preset threshold and Az denotes the angular
increment of the z-gyro output.

According to (39), (34) can then be written as

υ̂
n
LDV =

[
υ̂

n
LDV(E) υ̂

n
LDV(N ) υ̂

n
LDV(U )

]T

= C̃n
bυ̂

b
LDV − C̃n

b

(
ωb

eb × Lb
LDV

)
= C̃n

b C̃b
m K̃ υ̂

m
LDV − C̃n

b

(
ωb

eb × Lb
LDV

)
≈ (I3 − (δϕ)×)Cn

b

(
I3 −

(
δφm

)
×
)
Cb

m(1 + δK )K̃υ
m

− (I3 − (δϕ)×)Cn
b

(
ωb

eb × Lb
LDV

)
≈ (I3 − (δϕ)×)Cn

b

(
I3 −

(
δφm

)
×
)
Cb

m

(
1 + δK ′

)
υm

− (I3 − (δϕ)×)Cn
b

(
ωb

eb × Lb
LDV

)
(40)

where δφm = [ δφmx 0 δφmz ]
T denotes the residual of the

installation misalignment angle vector.
Given an initial position and using the velocity data obtained

from (40), DR can be performed. Assuming that other influ-
encing factors are negligible, the error δ pDR between the
DR-determined position pDR and the actual position p can be
considered to be caused by the error in (40). In other words,
the three error parameters of the LDV ultimately propagate to
the position error of the integrated navigation system.

Similar to the rate of change of position error for the
SINS/GNSS integrated navigation system described in (12),
the rate of change of position error for the DR system is
depicted as follows:

δ ṗDR = F ppδ pDR + F pvδυ̂
n
LDV (41)

where

F pp =


0 0

−υ̂
n
LDV(N )

(RM + hDR)2

υ̂
n
LDV(E) tan LDR sec LDR

RN + hDR
0

−υ̂
n
LDV(E) sec LDR

(RN + hDR)2

0 0 0


(42)

F pv =


0

1
RM + hDR

0

sec LDR

RM + hDR
0 0

0 0 1

 (43)

δυ̂
n
LDV ≈

(
υn

×
)
δϕ + Cn

b

(
υb

×
)
δφm + δK ′υn (44)

where

υn
= Cn

bυ
b

= Cn
b

(
Cb

mυm
− ωb

eb × Lb
LDV

)
(45)

where υb denotes the vehicle true velocity in the b frame.
Since the vehicle attitude obtained by the SINS/GNSS inte-

grated navigation system is sufficiently accurate, the residual
attitude error of SINS can be considered a random constant.
Its error model is δϕ̇ = 03×1.

Given the exceptional performance of the LDV and the
fixed installation relationship between the LDV and the SINS,
both the scale factor error and installation misalignment angle
error of LDV are modeled as random constants. As such, the
following error equations are obtained:

δ K̇
′
= 0

δφ̇mx = 0
δφ̇mz = 0. (46)

Summing up, based on (32), (41), (44), and (46), the state
equation of the SINS/LDV online calibration filter system is
given by

ẋ1
k = F1

k x1
k + G1

kw
1
k (47)

where F1
k is the 9 × 9 system state transition matrix, G1

k is
the noise transfer matrix, and w1

k is the system noise vector.
These matrices can be determined from (41), (44), and (46).

By using the position difference between the SINS/LDV
DR system and the SINS/GNSS integrated navigation system

C̃b
m = C z

(
φ̃mz

)
C x
(
φ̃mx

)
C y
(
φ̃my

)
=

 cos φ̃my cos φ̃mz − sin φ̃mx sin φ̃my sin φ̃mz − cos φ̃mx sin φ̃mz sin φ̃my cos φ̃mz + sin φ̃mx cos φ̃my sin φ̃mz

cos φ̃my sin φ̃mz + sin φ̃mx sin φ̃my cos φ̃mz cos φ̃mx cos φ̃mz sin φ̃my sin φ̃mz − sin φ̃mx cos φ̃my cos φ̃mz

− cos φ̃mx sin φ̃my sin φ̃mx cos φ̃mx cos φ̃my

 (35)
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Fig. 5. Installation diagram of the experimental system.

as the system measurement, the measurement equation can be
written as

z1
k =

[
pDR − p

]
= H1

k x1
k + v1

k (48)

where H1
k = [ 03×3 I3 03×3 ] denotes the measurement

transition matrix and v1
k is the measurement noise (zero-mean

Gaussian white noise).

IV. VEHICLE-MOUNTED FIELD TEST

To evaluate the effectiveness of the calibration method
proposed in this article and its practical value, two groups
of vehicle-mounted tests were conducted. As shown in Fig. 5,
the test equipment includes a self-developed high-precision
IMU, a self-made 1D-LDV, a dual-antenna DGNSS receiver,
and a single-antenna DGNSS receiver as a backup. The high-
precision IMU consists of three-ring laser gyros and three
quartz accelerometers with an output frequency of 100 Hz.
The bias instability of the gyros is within 0.007◦/h and their
random walk is within 0.001◦/

√
h. The bias instability of

the accelerometers is within 50 µg and their random walk
is 50 µg/

√
h. The velocity measurement error of the LDV

is within 0.08% (1σ) with an output frequency of 100 Hz.
The dual-antenna DGNSS receiver integrates microelectrome-
chanical system (MEMS) inertial sensors. The horizontal
positioning accuracy, altitude positioning accuracy, and veloc-
ity accuracy of this DGNSS receiver are within 0.05 m, 0.05 m,
and 0.03 m/s, respectively, with an output frequency of 10 Hz.
The spare single-antenna DGNSS receiver does not integrate
any other inertial sensors. The horizontal positioning accuracy,
altitude positioning accuracy, and velocity accuracy of this
DGNSS receiver are within 0.1 m, 0.1 m, and 0.03 m/s,
respectively, with an output frequency of 5 Hz.

Two groups of field tests were conducted in Changsha
City. At the starting point, the vehicle remained stationary
for approximately 13 min before moving. During this period,
a static attitude alignment was performed to obtain an accurate
initial attitude. The reference position of the vehicle was
obtained by the high-precision SINS/GNSS integrated nav-
igation system, which combines a high-precision IMU and

a dual-antenna DGNSS and applies the Rauch–Tung–Striebel
(RTS) smoothing algorithm to process the data. In this article,
the outputs of dual-antenna DGNSS are used to validate the
accuracy of our proposed calibration method because the dual-
antenna DGNSS used in the experiments integrates MEMS
sensors, which can provide high positioning accuracy even in
the case of short-term GNSS signal loss. Also, the outputs of
single-antenna DGNSS are used to validate the robustness of
our proposed calibration method because the single-antenna
DGNSS used in the experiments does not integrate with any
other inertial sensors, which cannot locate the position in the
absence of GNSS signals.

To evaluate the calibration performance of the proposed
method, the following three methods are designed for
comparison.

Method 1: The calibration method is proposed in this article.
Method 2: The position observation-based SINS/LDV cal-

ibration method was proposed in [34]. In this method, the
attitude information of the SINS/GNSS integrated navigation
system, the GNSS position output, and the LDV output are
used to establish position observations. The scale factor error
of the LDV is determined by the ratio of two observation
vector moduli, and the misalignment angle of the LDV is
determined by solving for two observation vectors using
Davenport’s q-method.

Method 3: The velocity observation-based SINS/LDV cal-
ibration method was proposed in [30]. The method adds
an analytic coarse calibration process, to obtain coarse esti-
mates of the LDV scale factor and the heading installation
misalignment angle, before performing a traditional Kalman
filter-based calibration.

Method 4: Based on Method 1, the lateral velocity of the
LDV is no longer compensated.

The first vehicle test lasted 2.27 h and covered a total
distance of 76.9 km. Fig. 6 shows the vehicle trajectory and
the LDV output. Figs. 7–9 show the calibration results of
different methods in the first test. As shown in Figs. 7–9, all
four calibration models can estimate the calibration parameters
of the SINS/LDV integrated navigation system. Methods 1, 3,
and 4 have a faster error convergence speed than Method 2,
indicating that performing a coarse calibration prior to the
start of the calibration process can accelerate error conver-
gence and improve the calibration speed. As can be seen
from Figs. 8 and 9, the calibration curve corresponding to
Method 3 has frequent and large fluctuations around 0.1–0.2 h,
which is because during this period, the vehicles often passed
through urban canyons and overpasses, resulting in frequent
interference of GNSS signals. This is also the reason for the
slow convergence of Method 2. Because the position obser-
vation vector used in Method 2 is based on the accumulation
of GNSS position increment and LDV output velocity, the
outliers of GNSS and LDV will undoubtedly have a large and
lasting impact on the accuracy of the position observation
vector in the early stage of the calibration process when
the accumulation value is not large enough. Compared with
Method 3, which also carried out a rough calibration process,
the calibration curves of Methods 1 and 4 are more stable
for two reasons. First, Methods 1 and 4 use the SINS/GNSS
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Fig. 6. (a) Trajectory of the vehicle in the first field test. (b) Velocity
curve of LDV output in the first field test.

Fig. 7. Curve of the scale factor in the first vehicle test.

integrated navigation system information, instead of directly
using the GNSS output. This reduces the influence of GNSS
outliers and noise on the calibration process to a great extent.
Second, Methods 1 and 4 use position observations rather than
velocity observations. Compared with velocity, the position
trajectory has a much larger magnitude than the corresponding
outliers and noise. The subplots in Figs. 7 and 8 show that
the estimation curve of Method 1 is more stable than that of
Method 4, suggesting that compensating for the lateral velocity
of the LDV in the m frame in particular scenarios is effective.
In addition, Figs. 8 and 9 show that the estimation curves of
Methods 1, 3, and 4 experience different degrees of fluctuation
around 2600 s, with Method 3 having the largest magnitude
of fluctuation and Method 1 having the smallest. To identify
the cause of the fluctuation, we plot the pitch installation
misalignment angle, the angular velocity of heading, the lateral
velocity of GNSS in the m frame [υm

GNSS(1)], and the output
of LDV in the range of 2400–2900 s in Fig. 10.

Fig. 10(b) shows that the heading angular velocity exhibited
a large fluctuation lasting for several tens of seconds during
2600–2700 s. In addition, the velocity curve of the LDV
in Fig. 10(d) indicates that the vehicle did not decelerate
significantly during that time period. Therefore, it can be
inferred that the vehicle experienced a turning process with a

Fig. 8. Curve of the pitch misalignment angle in the first vehicle test.

Fig. 9. Curve of the heading misalignment angle in the first vehicle test.

Fig. 10. (a) Curve of the pitch misalignment angle in 2400–2900 s of
the first test. (b) Curve of the angular velocity of heading in 2400–2900 s
of the first test. (c) Curve of υm

GNSS(1) in 2400–2900 s of the first test.
(d) Curve of the LDV output in 2400–2900 s of the first test.

faster vehicle velocity during 2600–2700 s. The variation trend
of GNSS lateral velocity in the m frame during 2600–2700 s
in Fig. 10(c) matches the variation trend of the heading angle
velocity in Fig. 10(b), suggesting that the NHC lateral velocity
is influenced by the change of vehicle heading angle. In other
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TABLE I
PERFORMANCE COMPARISON OF THE FOUR METHODS

IN THE FIRST TEST (76.9 km)

Fig. 11. (a) First test’s horizontal location error. (b) First test’s horizontal
error ratio.

words, vehicle turns, especially high-speed turns, cause larger
NHC lateral velocity and thus violate the NHC assumption.
The trend of pitch misalignment angle in Fig. 10(a) is in line
with this phenomenon. When the vehicle turns for a long time
and causes the NHC to be violated for a long time, Method 3
based on velocity observation is most affected, while Methods
1, 2, and 4 based on position observation are less affected.
Moreover, Method 1 with lateral velocity compensation is less
affected than Method 4 without lateral velocity compensation.
In conclusion, it is necessary to compensate for the lateral
velocity of the LDV in the m frame when the NHC assumption
is violated.

To evaluate the accuracy of the calibration results from all
four methods, the DR of the SINS/LDV integrated navigation
system is performed using the calibration results. The hori-
zontal positioning error and ratio with respect to the distance
traveled of different methods in the first test are compared
in Fig. 11. The height positioning error of different methods
in the first test is shown in Fig. 12. The maximum (Max)
and mean (Mean) position errors of the SINS/LDV integrated
navigation system calibrated by four different methods in the
first test are summarized in Table I.

As shown in Figs. 11 and 12 and Table I, the positioning
accuracy of the SINS/LDV integrated navigation system varies
depending on the calibration method used. Method 1 yields the
highest accuracy, while Method 3 yields the lowest accuracy.
This suggests that Method 1 has the best calibration perfor-
mance and Method 3 has the worst calibration performance

Fig. 12. First test’s height positioning error.

Fig. 13. Number of satellites and the GNSS working status during the
first vehicle test.

in the first test, which is consistent with their respective
performances in Figs. 7–9. However, in practice, not all GNSS
receivers have internal integration of IMU or other inertial
sensors, and most of them do not output position information
when the signal is lost. In order to further test the robustness
of the proposed method and its performance in the face of
low-end and mid-range GNSS receivers, we calibrate the
LDVs using the output of a spare GNSS in the experiments,
namely, a single-antenna DGNSS without any other integrated
inertial devices. Fig. 13 shows the number of satellites and the
working status of the single-antenna DGNSS output during the
first vehicle test. The operating states of the DGNSS are given
as follows: State 4 indicates that GNSS outputs a fixed solution
with the highest accuracy, generally within 0.1 m; State 5
indicates that GNSS outputs a floating-point solution with
higher accuracy, generally within 3 m; States 2 and 1 indicate
that GNSS outputs a differential solution and a single point
solution, respectively, with lower accuracy, generally greater
than 5 m; and State 0 indicates that GNSS fails, with no
satellite data received. As shown in Fig. 13, the GNSS signals
suffered from frequent failures and interference during the
first test. The calibration results of Methods 1 and 2 using
the data of the single-antenna DGNSS are shown in Fig. 14.
The DR results of the SINS/LDV integrated navigation system
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Fig. 14. Calibration results of Methods 1 and 2 under the actual GNSS
data in the first test.

Fig. 15. First test’s position error based on Fig. 14’s calibration results
of Method 1.

obtained using the calibration results of Method 1 in Fig. 14
are presented in Fig. 15.

As shown in Fig. 14, the calibration results of Method 2
diverge rapidly when the GNSS signal is interrupted, while
the calibration results of Method 1 are almost unaffected.
This is because the observation vector model in Method 2
directly uses the GNSS position information and relies on
the accumulation of position increments throughout the cal-
ibration process. Therefore, Method 2 cannot effectively resist
large GNSS outliers, and their effect will continue to affect
the entire calibration process. Compared with Method 2,
Method 1 proposed in this article introduces the adaptive mul-
tiple fading factors in the SINS/GNSS integrated navigation
phase and flexibly adjusts the noise covariance matrix of the
filter based on the Mahalanobis distance of the innovation
vector, thus reducing the impact of GNSS outliers on the
SINS/GNSS integrated navigation results. Moreover, the filter
used to calibrate the SINS/LDV integrated navigation system
is constructed based on the results of SINS/GNSS integrated
navigation and the position information of SINS/LDV DR,
rather than the output of GNSS. Therefore, Method 1 is a
more suitable calibration method than Method 2 when the
GNSS signal is not ideal. As shown in Fig. 15, the position
errors of Method 1 are not significantly different from those in
Figs. 11 and 12, again demonstrating the ability of Method 1 to
resist GNSS outliers. To further verify the effectiveness and
evaluate the accuracy of the proposed calibration method,

TABLE II
PERFORMANCE COMPARISON OF THE FOUR METHODS IN THE

SECOND TEST (65.34 km)

Fig. 16. (a) Trajectory of the vehicle in the second field test. (b) Velocity
curve of LDV output in the second field test.

a second vehicle test was conducted that lasted 2.24 h and
covered a total distance of 65.34 km. Test 2 used the same
equipment and installation relationship as Test 1. The vehicle
trajectory and the LDV output are shown in Fig. 16. The
calibration results using the reference position information are
presented in Figs. 17–19. The DR results of the SINS/LDV
integrated navigation system calibrated by different methods
are compared in Figs. 20 and 21 and Table II. The number of
satellites and the GNSS working status of the single-antenna
DGNSS output during the second vehicle test are shown in
Fig. 22. The calibration results of Methods 1 and 2 using
the data of the single-antenna DGNSS are shown in Fig. 23.
The DR results of the SINS/LDV integrated navigation system
obtained using the calibration results of Method 1 in Fig. 23
are presented in Fig. 24.

The results in Figs. 17–21 and Table II once again verify the
superiority of the proposed Method 1. Method 1 exhibits the
highest calibration accuracy and the fastest convergence speed
among the four methods. The calibration curves of Methods
1, 2, and 4 based on position observation are smoother
than those of Method 3 based on velocity observation. In
addition, the results in Figs. 23 and 24 once again verify the
robustness of Method 1, which can still accurately calibrate the
SINS/LDV integrated navigation system when GNSS signals
are frequently disturbed.

The calibration results of the two groups of tests are shown
in Table III. When the installation relationship between IMU
and LDV remains unchanged, the calibration results obtained
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Fig. 17. Curve of the scale factor in the second vehicle test.

Fig. 18. Curve of the pitch misalignment angle in the second vehicle
test.

Fig. 19. Curve of the heading misalignment angle in the first vehicle
test.

by the four calibration methods in the two groups of tests
are similar, especially for the method proposed in this article,
which has the closest calibration parameters in the two groups

Fig. 20. Second test’s horizontal location error and horizontal error
ratio.

Fig. 21. Second test’s height positioning error.

Fig. 22. Number of satellites and the GNSS working status during the
second vehicle test.

of tests. To verify the generalizability and accuracy of the
calibration method proposed in this article, the calibration
results of the two groups of tests were cross-verified; that is,
the calibration results of the first group and the second group
were substituted into the data of the second group and the
first group, respectively, for the DR, and the position errors
obtained are shown in Figs. 25 and 26.

By comparing Figs. 11 and 12 and Figs. 20 and 21 with
Figs. 25 and 26, it can be seen that Method 1 proposed in this
article still has the highest horizontal localization accuracy as
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Fig. 23. Calibration results of Methods 1 and 2 under the actual GNSS
data in the second test.

Fig. 24. Second test’s position error based on Fig. 23’s calibration
results of Method 1.

TABLE III
CALIBRATION RESULTS OF THE FOUR METHODS IN TWO TESTS

Fig. 25. Position error after substituting the test calibration results of
the second group into the data of the first group.

well as satisfactory altitude accuracy in the cross validation
of the two groups of tests, which indicates that the calibration
method proposed in this article is effective and has universal
applicability.

Fig. 26. Position error after substituting the test calibration results of
the first group into the data of the second group.

V. CONCLUSION

This article proposes a calibration method for the
SINS/LDV integrated navigation system based on position
observation. Compared with the existing main calibration
methods for SINS/LDV integrated navigation system, the
proposed method achieves higher calibration accuracy and
robustness. Two groups of vehicle field tests were carried
out to evaluate the performance of the proposed calibration
method and three different calibration methods were used
for comparison. The results show that the calibration method
proposed in this article has the highest calibration accuracy
among the four calibration methods. The total distances of the
two groups of tests were 76.9 and 65.34 km. The maximum
DR horizontal errors of the SINS/LDV integrated navigation
system calibrated by the proposed method were 6.61 and
10.91 m, respectively, and the maximum DR height errors
were less than 6 m in both tests. In addition, the robustness of
the proposed calibration method was verified by using GNSS
actual outputs in the two groups of tests.
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